The basis number, b(G) ,of a graph G is defined to be the smallest positive integer k such that G has a k-fold basis for its cycle space. We investigate the basis number of semi-strong product of 2 K with a path, a cycle, a star, a wheel and a complete graph.
In recent years, there was a grawing literature on the basis number of graphs. We refer the readers to the papers [1] , [2] , [3] , [4] , [5] and [8] . Throughout this paper, we consider only finite, undirected and simple graphs. Our terminology and notations will be standard except as indicated. For undefined terms, see [7] and [11] . Let G be a connected graph, and let e 1, e 2,……, e q be an ordering of the edges. Then any subset S of edges corresponds to a (0,1)-vector (a 1, a 2,….., a q ) in the usual way, with a i =1 if e i ∈S and a i =0 otherwise, for i=1,2, …,q. These vectors form a q-dimensional vector space, denoted by (Z 2 ) q over the field Z 2 .
The vectors in (Z 2 ) q which correspond to the cycles in G generate a subspace called the cycle space of G, and denoted by ξ(G). It is well known that dim ξ(G)= γ (G)=q-p+ k, where p is the number of vertices, k is the number of connected components and γ(G) is the cyclomatic number of G. A basis for ξ(G) is called h-fold if each edge of G occurs in at most h of the cycles in the basis. The basis number of G, denoted by b(G), is the smallest positive integer h such that ξ(G) has an h-fold basis, and such a basis is called a required basis of G and denoted by B r (G) . If B is a basis for ξ(G) and e is an edge of G, then the fold of e in B, denoted by f B (e) is defined to the number of cycles in B containing e. The first important result of the basis number occured in 1937 when MacLane [9] proved that a graph G is planar if and only if b(G)≤2.
Definition:
The semi-strong product of two disjoint graphs G=(V are the number of vertices and edges respectively in G and H. Moreover G*H contains as subgraphs 2 V copies of G; for each vertex v∈ 2 V there is a v-copy v G of G with vertex
The basis number of the complete graphs, complete bipartite graphs and n-cube are determined in [10] and [6] . The basis number of the cartesian product of some graphs is determined in [2] .
The purpose of this paper is to determine the basis number of the semistrong product of 2 K with some special graphs. It is proved that
, and 3, for n = 3,4,5 and 6
2-The basis number of 2 K * P n and P n* 2 K .
Let the vertex sets of path P n and the cycle C n be the addition group Z n of positive integers residue modulo n. Let the path P n be 0,1,2…,n-1 and the cycle C n be 0,1,2,…,(n-1)0.It is clear that if n=2,then 2 K * P 2 is the 4-cycle (x,u)(y,u)(x,v)(y,v)(x,u), therefore b( 2 K * P 2 )=1. It is not difficult to see that 2 K * P n , n≥ 3 can be embedded in a plane [7] .Therefore, b( 2 K * P n ) = 2, for n ≥ 3.
Theorem 1. For every positive integers n
One can observe that the graph 2 K * P n , n ≥ 3 can be embedded in the plane, therefore by MacLanes theorem [9] ,b( 2 K * P n )=2.Similarly,the graph P n* 2 K , n≥ 3 is planar graph (observe that P n* 2 K is not isomorphic to
3-The basis number of K 2* C n and C n* K 2 .
It can be shown that for every even integer n≥ 4,the graph K 2* C n is cubic having 2n vertices and can be embedded in a plane, therefore b(K 2* C n ) = 2,for every even n ≥ 4.
Theorem 2. For every even integer n ≥ 4,we have b(K
Proof. Since the graph K 2* C n , n≥ 4 is planar , therefore by MacLanes theorem [9] , we have b(K 2* C n ) = 2.
Theorem 3. For every odd integer n ≥ 3,we have b( 2 K * C n )=3. Proof. One can easily show that the graph K 2* C n , for odd n ≥ 3 contains subgraph homeomorphic to K 3,3 . Thus the graph K 2* C n , is non planar and so by MacLanes theorem [9] , b(K 2* C n ) ≥ 3. To complete the proof we show a 3-fold basis for ξ( K 2* C n ). Consider the following set of cycles:
B(K 2* C n ) = S U T Where, S = {(0,j)(1,j+1)(0,j+1)(1,j)(0,j)}: j=0,1,2,…,n-1 mod(n)}, and T = {(0,0)(1,1)(0,2)(1,3)…(0,n-1)(1,n-1)(0,0)}. It is clear that the cycles S U T-{ C},where C ={(0,n-1)(1,0)(0,0)(1,n-1)(0,n-1)} forms boundaries of planar subgraph F of K 2* C n (see Figure) .Therefore S U T-{ C} is independent set of cycles. On the other hand the cycle C contains the edge (0,n-1)(1,0) which is not present in any cycle of SU T-{ C}.Therefore, S U T is independent set of cycles. Since B(K 2* C n ) = n+1= γ ( K 2* C n ), then B(K 2* C n ) is a basis for ξ( K 2* C n ).
To find the fold of the basis B(K 2* C n ). It is clear that f S (e) ≤ 2, f T (e) ≤ 1, for each edge e∈ E(K 2* C n )-{ C}, f S (e) = 1, f T (e) = 1, for each edge e∈ { C}, where C = {(0,n-1)(1,0)(0,0)(1,n-1)(0,n-1)}. Thus, the fold in B(K 2* C n ) of every edge of K 2* C n is not more than 3. Hence B(K 2* C n ) is a 3-fold basis. This completes the proof of the theorem. Figure : The planar subgraph F of K 2* C 5 Now, we consider the semi-strong product C n* K 2 .It is easy to show that C 3* K 2 , is planar graph ,therefore b(C 3* K 2 ) = 2.
Theorem 4.
For every integers n ≥ 4 ,we have b(C n* K 2 ) = 3. Proof. One can easily show that the graph C n* K 2 , n≥ 4 contains subgraph homeomorphic to complete bipartite graph K 3,3 [7] .Thus C n* K 2 is nonplanar and so by MacLanes theorem [9] , b(C n* K 2 ) ≥ 3 for n≥ 4 . To complete the proof of the theorem we show a 3-fold basis for ξ( C n* K 2 ). Consider the set of cycles in C n* K 2 , B(C n* K 2 c is any cycle generated from cycles of AU D, then i c contains an edge of the form (i,0)(i+1,0) for each i=0,1,2,…,n-2 which is not present in any cycle of V, therefore AU D U V is independent set of cycles and so it is a basis for ξ( C n* K 2 ).
To find the fold of B(C n* K 2 ),partition the edge set E( In this section we consider the semi-strong product of K 2 with a star S n which is isomorphic to complete bipartite graph K 1,n-1 .Denote the vertex set of the star S n by 0123…(n-1), where
,and all other vertices are of degree 1.Since S 2 =P 2 ,therefore the graph K 2* S 2 is the cycle {(0,0)(1,1)(0,1)(1,0)(0,0)},therefore b(K 2* S 2 )=1. Similarly , b(S 2* K 2 )=1. On the other hand, for n≥ 3,the graph K 2* S n is planar graph ,therefore b(K 2* S n )=2.Similarly, for n≥ 3,the graph S n* K 2 is planar graph ,therefore b(S n* K 2 )=2.
The basis number of W n* K 2 and K 2* K n
In this section we consider the semi-strong product of a wheel with K 2 , where W n is the join of the cycle 123…(n-1)1 with the vertex 0. That is, W n = C n-1 + K 1 .
Theorem 5. For every integers n ≥ 4 ,we have b(W n* K 2 ) = 3. Proof. One can easily show that the graph W n* K 2 , n≥ 4 contains subgraph homeomorphic to complete bipartite graph K 3, 3 .Thus W n* K 2 is nonplanar and so by MacLanes theorem [9] , b(W n* K 2 ) ≥ 3. To complete the proof of the theorem we show a 3-fold basis for ξ( W n* K 2 ).Consider the set of cycles in W n* K 2 :
is a required basis for a j-copy,
It is clear that U 
where ⊕ is the ring sum. But E(A U D)= {(i,0)(i+1,1)} U {(i,0)(i+1,0)} U {(0,0)(i,1)} which is an edge set of a forest. This contradicts the fact that 1 d is a cycle or edge disjoint union cycles. Thus (
To find the fold of B(W n* K 2 ), partition the edge set of W n* K 2 into It is clear that the graph K 2* K n is a complete bipartite graph K n,n . Schmeichel [10] proved that b(K m,n ) = 4 for m,n ≥ 5 except for the following: K 5,r and K 6,s where r=5, 6,7,8 and s=6,7,8,10 . Also, Alsardary and Ali [4] proved that b(K 5,r ) = b(K 6,s ) = 3 for r=5, 6,7,8 and s=6,7,8,10 . Therefore the following proposition follows from [4] and [10] .
3, for n=3,4,5 and 6 Proposition. b(K 2* K n )= 4, for n ≥ 7.
